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CONCLUSIONS
We proposed a variant of policy iteration based on the midpoint 
Newton method with an enhanced convergence rate

Numerical experiments verify faster convergence, useful in the 
online setting where data is more expensive than computations

Future Work
 Global, non-asymptotic convergence guarantees. 
 Extensions to multi-point and high-order Newton methods.
 Generalization to nonlinear systems.
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NEWTON METHODS

Policy iterationNewton method on Bellman equation [1]
Kleinman-Hewer algorithmNewton method on algebraic Riccati equation [2]

General stochastic optimal control:
Linear quadratic regulator:

Begs the questions
 What is the analogue of the midpoint method for LQR?
 Can we execute midpoint updates using data-driven value function approximations?

Basic Goal of Control
Apply inputs to drive the state of a system towards a reference (e.g. the origin)

Value Function Paradigm
Use a value function & dynamic programming to design a policy that maps states to inputs

Obstruction
Value function is unknown and must be estimated from a finite number of noisy measurements

LQR solved by linear state feedback 𝑢𝑢𝑡𝑡 = 𝐾𝐾𝑥𝑥𝑡𝑡 with gain
𝐾𝐾 = 𝒦𝒦(𝑃𝑃) and 𝑃𝑃 solves the algebraic Riccati equation

ℛ 𝑃𝑃 = 0

LQR is a root-finding problem!

Matrix Operators

Directional Derivative of Riccati Operator
Evaluated at point 𝑋𝑋 in direction 𝑃𝑃

𝑥𝑥𝑡𝑡 is the system state
𝑢𝑢𝑡𝑡 is the control input
𝑤𝑤𝑡𝑡 is i.i.d. process noise with zero mean and covariance 𝑊𝑊
𝐴𝐴,𝐵𝐵 are the system matrices
𝑄𝑄 is the positive definite penalty matrix
Π is the space of measurable history-dependent policies
𝜋𝜋 = {𝜋𝜋𝑡𝑡} with 𝑢𝑢𝑡𝑡 = 𝜋𝜋𝑡𝑡(𝑥𝑥0:𝑡𝑡 ,𝑢𝑢0:𝑡𝑡−1)

Goal: Find a root 𝑥𝑥 of the vector equation 𝑓𝑓 𝑥𝑥 = 0

Derive Newton methods from the Newton-Leibniz integral

0 = 𝑓𝑓 𝑥𝑥 = �
𝑥𝑥𝑘𝑘

𝑥𝑥
𝑓𝑓′ 𝑡𝑡 𝑑𝑑𝑑𝑑

Left rectangular integrationNewton method
 Converges quadratically

Midpoint rectangular integrationMidpoint method
 Converges cubically
 Incurs only ~2X computations vs Newton

Newton

Midpoint

Model Known
Compute value functions by solving Lyapunov 
equations (DLYAP)

Model Unknown
Estimate value functions using least-squares 
temporal differencing for Q-functions (LSTDQ) [3]

*This is the on-policy version. The off-policy version uses a single 
dataset 𝒟𝒟 collected once at the start.

*

Relative error 𝑃𝑃𝑘𝑘 − 𝑃𝑃∗ / 𝑃𝑃∗ vs iteration count 𝑘𝑘 using (A)PI and 
(A)MPI on an inertial mass control problem.

Ratio of relative errors 𝑃𝑃𝑘𝑘 − 𝑃𝑃∗ / 𝑃𝑃∗ using AMPI divided by that using API vs open-loop spectral radius 
on randomized control problems. Each subplot shows a single iteration count 𝑘𝑘.
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CODE

Local Cubic Convergence
If 𝐾𝐾0 − 𝐾𝐾∗ small enough, then 𝐾𝐾𝑘𝑘+1 − 𝐾𝐾∗ ≤ 𝒪𝒪( 𝐾𝐾𝑘𝑘 − 𝐾𝐾∗ 3) for all 𝑘𝑘.
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